Solutions obtained by the quasilinearization method (QLM) are compared with the WKB solutions. While the WKB method generates an expansion in powers of , the quasilinearization method (QLM) approaches the solution of the nonlinear equation obtained by casting the Schrödinger equation into the Riccati form by approximating nonlinear terms by a sequence of linear ones. It does not rely on the existence of any kind of smallness parameter. It also, unlike the WKB, displays no unphysical turning point singularities. It is shown that both energies and wave functions obtained in the first QLM iteration are accurate to a few parts of the percent. Since the first QLM iterate is represented by the closed expression it allows to estimate analytically and precisely the role of different parameters, and influence of their variation on the properties of the quantum systems. The next iterates display very fast quadratic convergence so that accuracy of energies and wave functions obtained after a few iterations is extremely high, reaching 20 significant figures for the energy of the sixth iterate. It is therefore demonstrated that the QLM method could be preferable over the usual WKB method.
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I. INTRODUCTION
The quasilinearization method (QLM) was constructed as a generalization of the Newton-Raphson method [1, 2] for the nonlinear differential equations to yield rapid quadratic and often monotonic convergence to the exact solution. It was developed originally in theory of linear programming by Bellman and Kalaba [3, 4] to solve nonlinear ordinary and partial differential equations and their systems. In the original works of Bellman and Kalaba [3, 4] , however, the convergence of the method has been proven only under rather restrictive conditions of small intervals and bounded, nonsingular forces [10] which generally are not fulfilled in physical applications. This could explain an extremely sparse use of the technique in physics, where only a few examples of the references to it could be found [5, 6, 7, 8, 9] . Recently, however, it was shown [10] by one of the present authors (VBM) that a different proof of the convergence can be provided which allows to extend the applicability of the method to realistic forces defined on infinite intervals with possible singularities at certain points. This proof was generalized and elaborated in the subsequent works [11, 12, 13, 14] .
In the first paper of the series [10] , the analytic results of the quasilinearization approach were applied to the nonlinear Calogero equation [5] in the variable phase approach to quantum mechanics, and the results were compared with those of the perturbation theory and with the exact solutions. It was shown that the number of the exactly reproduced perturbation terms doubles with each subsequent QLM iteration, which, of course, is a direct consequence of a quadratic convergence.
The numerical calculation of higher QLM approximations to solutions of the Calogero equation with different singular and nonsingular, attractive and repulsive potentials performed in the work [12] has shown that already the first few iterations provide accurate and numerically stable answers for any values of the coupling constant and that the number of iterations necessary to reach a given precision increases only slowly with the coupling strength. It was verified that the method provides accurate and stable answers even for super singular potentials for which each term of the perturbation theory diverges and the perturbation expansion consequently does not exist.
In the third paper of the series [13] the quasilinearization method was applied to other well known typical nonlinear ordinary differential equations in physics, such as the Blasius, Duffing, Lane-Emden and Thomas-Fermi equations which have been and still are extensively studied in the literature. These equations, unlike the nonlinear Calogero equation [5] considered in references [10, 12] , contain not only quadratic nonlinear terms but various other forms of nonlinearity and not only the first, but also higher derivatives. It was shown that again just a small number of the QLM iterations yield fast convergent and uniformly excellent and stable numerical results.
In the work [14] the quasilinearization method was applied to quantum mechanics by casting the Schrödinger equation in the nonlinear Riccati form and calculating the QLM approximations to bound state energies and wave functions for a variety of potentials, most of which are not treatable with the help of the perturbation theory or the 1/N expansion scheme. It was shown that the convergence of the QLM expansion for both energies and wave functions is very fast and that already the first few iterations yield extremely precise results. In addition it was verified that the higher QLM approximations, unlike those in 1/N expansion method, are not divergent at any order.
The present work is devoted to comparison of QLM [7, 8] , where it was shown that the first QLM iteration reproduces the structure of the WKB series generating an infinite series of the WKB terms, but with different coefficients. Besides being a better approximation, the first QLM iteration is also expressible in a closed integral form. Similar conclusions are reached for higher QLM approximations and it can be shown [15] that the p-th QLM iteration yields the correct structure of the infinite WKB series and reproduces 2 p terms of the expansion of the solution in powers of exactly, as well as a similar number of terms approximately.
That the first QLM iteration already provides a much better approximation to the exact solution than the usual WKB is obvious, not only from comparison of terms of the QLM and WKB series [7, 8, 15] , but also from the fact that the quantization condition in the first QLM iteration leads to exact energies for many potentials [15, 17] such as for the Coulomb, harmonic oscillator, Pöschl-Teller, Hulthen, Hylleraas, Morse, Eckart and some other well known physical potentials, which have a simple analytic structure. By comparison, the WKB approximation reproduces exact energies only in the case of the first two potentials.
The goal of this work is to point out that also for other potentials with more complicated analytical structure QLM iterates provide much better approximation than the usual WKB. If the initial QLM guess is properly chosen the wave function in all QLM iterations, unlike the WKB wave function, is free of unphysical turning point singularities. Since the first QLM iteration is given by an analytic expression [7, 8, 10, 11, 12, 13] , it allows one to analytically estimate the role of different parameters and the influence of their variation on different characteristics of a quantum system. The next iterates display very fast quadratic convergence so that accuracy of energies obtained after a few iterations is extremely high, reaching up to 20 significant figures for a sixth iterate as we show on the example of different widely used physical potentials.
The paper is arranged as follows: in the second chapter we present the main features of the quasilinearization approach to the solution of the Schrödinger equation, while in the third chapter we consider the application of the method to computations with the anharmonic oscillator, logarithmic, two-power (double-well), and Wood-Saxon potentials and to the two-body Dirac equation with static Coulomb potential. The final, forth chapter is devoted to the discussion of the results, convergence patterns, numerical stability, advantages of the method and its possible future applications.
II. QUASILINEARIZATION METHOD
The usual WKB substitution
converts the Schrödinger equation to nonlinear Riccati form
Here k 2 (z) = E −V −l(l+1)/z 2 , λ 2 = 2m/ 2 and z = λr. The proper bound state boundary condition for potentials falling off at
. We choose here to define the boundary condition with the plus sign, so that y(z 0 ) = ik(z 0 ).
The quasilinearization [7, 10, 13] of this equation gives a set of recurrence differential equations
with the boundary condition y p (z 0 ) = ik(z 0 ). The analytic solution [7] of these equations expresses the p-th iterate y p (z) in terms of the previous iterate:
Indeed, differentiation of both parts of Eq. (4) leads immediately to Eq. (3) which proves that y p (z) is a solution of this equation. The boundary condition is obviously satisfied automatically. To utilize the recurrence relation (4) for wave function computation one has to pick up a proper initial guess. For the zeroth iterate y 0 (z) it seems natural to choose the zero WKB approximation that is to set y 0 (z) = ik(z), which in addition automatically satisfies the boundary condition. However, one has to be aware that this choice has unphysical turning point singularities. According to the existence theorem for linear differential equations [18] , if y p−1 (z) in Eq. (3) is a discontinuous function of z in a certain interval, then y p (z) or its derivatives may also be discontinuous functions in this interval, so consequently the turning point singularities of y 0 (z) may propagate to the next iterates. To avoid this we choose [16] the Langer WKB wave function [19] as the zero iteration. This function near the turning points a and b is given by the simple analytic expression [20] 
Here Ai denotes the Airy function,
is −1 for a < r < b, and 1 for r ≤ a, r ≥ b, and c a = 1, c b = (−1) n , where n = 0, 1, 2, . . . is the number of the bound state. χ a (r) and χ b (r) are continuous across the turning points and coincide with the usual WKB solution far from them. It is easy to check that χ a (r) and χ b (r) coincide at some point in the interval (a, b) between the turning points, and that their values, but not derivatives, can be matched at that point.
III. EXAMPLES
To show that the first QLM iteration gives very accurate results for wave functions and energies, as well as demonstrate very fast convergence of the next iterates let us consider five typical examples of potentials of rather different form used in atomic, nuclear and quark physics.
Let us start from the anharmonic oscillator V (r) = 1 2 r 5 . This potential is typically used in different nuclear, quark and quantum field theory models. The exact energy of the ground state of this oscillator is 2.044 579 657 447 355 635 36 in atomic units with mass set to unity, m = 1. This result is obtained by us by a calculation using the Runge-Kutta method in quadruple precision. The WKB energy is different by 4.5% and equals 1.95159 in the same units, while the first-iteration QLM energy equals 2.04528 and differs from the exact energy only by 0.034%. The QLM energy coincides with the exact energy in all twenty digits after the sixth iteration.
For the first excited state the exact energy is 6.713 546 501 445 253 110 53, while the WKB and firstiteration QLM energies are 6.656623 and 6.713952 and are different from the exact energy by 0.84% and 0.006% respectively. The similar picture exists for the second excited state where the exact energy is 12.767 866 541 180 535 228 88. The WKB and firstiteration QLM energies are 12.72396 and 12.76796 and are different from the exact energy by 0.34% and 0.0007% respectively. Again, for both first and second excited states the QLM energies differ from the exact energies only in the twentieth digit after the sixth iteration.
The graphs corresponding to the Langer WKB solution, the exact solution and the first QLM iterate for the ground state are displayed in Fig. 1 . One can see that while the Langer solution is noticeably different from the exact solution, the curve of the first QLM iteration is indistinguishable from the exact curve.
This could be followed more precisely by looking at Fig. 2 where the logarithm of the difference between the exact and WKB solutions and between the exact solution and the first QLM iteration are shown. One can see that the difference between the exact solution and the first QLM iteration is two orders of magnitude smaller than the difference between the exact and the WKB solutions, that is one QLM iteration increases the accuracy of the result by two orders of magnitude. Note that the dips on the graphs are artifacts of the logarithmic scale, since the logarithm of the absolute value of the difference of two solutions goes to minus infinity at points where the difference changes sign. The overall accuracy of the solution can be inferred only at x values not too close to the dips.
The accuracy of the WKB approximation increases for higher excitations. Therefore in the case of the excited state both the Langer WKB and QLM curves are indistinguishable from the exact one. Fig. 3 show, however, that also in this case the difference between the exact solution and the first QLM iteration is by two orders of magnitude smaller than the difference between the exact and the WKB solutions.
Another interesting example is the modified Coulomb potential
which is obtained when the equal masses two-body Dirac equation with the static Coulomb interaction is reduced to the Schrödinger equation [21, 22] . The exact energy of the ground state with quantum numbers (N, L, S, J) = (1, 0, 0, 0) is 0.999 993 340 148 538 880 1 in atomic units with double mass set to unity, 2M = 1. This result was obtained in the work [22] by an elaborate computation using the finite element method and confirmed by ourselves using the Runge-Kutta method in quadruple precision. The WKB energy equals 0.999 986 680 and differs from the exact one by 6.6 × 10 −4 . The first-iteration QLM energy equals 0.999 993 335 and differs from the exact one only by 5 × 10 −7 . The QLM energy coincides with the exact one in all given digits after the sixth iteration.
The graph Fig. 4 of the exact, WKB and QLM ground state wave functions is similar to Fig. 2 .
The graph Fig. 5 for their differences for this case is similar to Fig. 2 and shows that the difference between the exact wave function and the first QLM iteration is by two orders of magnitude smaller than the difference between the exact and the WKB solutions. Thus also in this case just one QLM iteration increases the accuracy of the wave function by a remarkable two orders of Table 1 and also in Figs. 6, 7, 8 where the the differences between the exact wave function and the first QLM iteration and between the exact and the WKB solutions are displayed. We see, that though the accuracy of the WKB approximation increases for excited states and states with higher orbital momenta, also in these cases one QLM iteration increases the accuracy of the wave function by at least two orders of magnitude. QLM is slightly dependent on the discontinuity in the derivative of the Langer WKB solution at its joining point between the turning points. This dependence disappears in higher QLM iterations. For the high-precision results, the number of correct digits is at least 18, and E tends to be slightly more precise. Consequently we give the numbers to 20 or 21 digits. Since the computer arithmetic was quadruple precision (128-bit, about 30 decimal places), the differences in the last digits of EQLM and Eexact reflect the different methods used. The state is labeled by nl except for the Breit-Coulomb problem where the labels are N, L, S, J. The plus sign for the two-power potential stands for the ground (symmetric) state in the corresponding one-dimensional double-well potential; the minus sign stands for the regular states of the two-power potential or the antisymmetric state of the corresponding one-dimensional double-well potential, respectively. The other examples considered in this paper are the logarithmic V (r) = log r, Wood-Saxon V = −V 0 /(1 + exp((r − R)/a)) and the two-power (double-well) V (r) = 1 2 g 2 (r 2 − a 2 ) 2 potentials, the results for which are summarized in Table 1 . The graphs corresponding to different states of these potentials are shown in Figs. 9 -17 . The first two potentials are used respectively for computations in quark and nuclear physics. The double-well potential, that is the quartic potential in one dimension with degenerate minima, is typically studied in quantum field theory and in the framework of the tunneling problem in quantum mechanics. Its perturbation series does not converge and different alternative nonperturbative approaches are therefore explored since the description of tunneling between two minima should be necessarily nonperturbative (see, for example, reference [23] and the references therein).
Potential m
In particular, in the paper [24] using the 1/N expansion method, the tunneling terms were not included for the symmetric (ground) state of the double well potential in one dimension, giving the 1/N energy of 0.48305 compared to the exact energy, 0.48295. . . In addition, in our calculation it is easy to specify the boundary condition at r = 0 in this particular case (where χ(0) = 0), so we can calculate on the interval r ≥ 0 only: because we do the QLM iteration on the function u(κr) = arctan −κχ(r)/χ ′ (r) , we have simply u(0) = − π 2 . This can easily be seen by taking into account that χ(r) has an even-power Taylor expansion at r = 0. We use the tunneling term just to correct the energy of the initial WKB approximation, changing the usual WKB quantization condition to
where the second term on the RHS is the tunneling term [25] ; k(r) = iK(r) and n = 0, 1, 2, . . . is the number of the bound state. The tunneling correction affects the 1st QLM iteration but of course not the full QLM calculation, where the boundary conditions completely specify the converged solution. 
IV. CONCLUSION
One can show [15, 17] that the approximation by the first QLM iterate in Eq. (4) leads to exact energies for many well known physical potentials such as the Coulomb, harmonic oscillator, Pöschl-Teller, Hulthen, Hylleraas, Morse, Eckart, etc. For other potentials which have more complicated analytical structure we show on examples of the anharmonic oscillator, logarithmic, twopower (double-well), and Wood-Saxon potentials and for the solution of the two-body Dirac equation with static Coulomb potential, that the use of the Langer WKB wave function as an initial guess already in the first QLM approximation gives energies and wave functions two orders of magnitude more accurate than the WKB results. Such a QLM solution, unlike the usual WKB solution, displays no unphysical turning point singularities. Since the first QLM iterate is given by an analytic expression (4) for p = 1 it allows one to estimate analytically the role of different parameters and their influence on properties of a quantum system with much higher precision than provided by the WKB approximation. In addition, it was shown that six QLM iterations are typically enough to obtain both the wave function and energy with the accuracy of twenty significant digits. 
